We investigate theoretically properties of partially coherent solitons in optical nonlinear media with slow saturable nonlinearity. We have found numerically that such a medium can support spatial solitons which are asymmetric in shape and are composed of only a finite number of modes associated with the self-induced waveguide. It is shown that these asymmetric spatial solitons can propagate many diffraction lengths without changes, but that collisions change their shape and may split them apart.
Incoherent spatial solitons have attracted considerable attention recently ͓1-7͔, especially after the first experimental observation of partially coherent solitons ͑PCS's͒ was made by Mitchell et al. ͓8͔ . The case of temporally incoherent solitons was considered previously by Hasegawa in a series of papers ͓9͔, both for waves in bulk dispersive media and for nonlinear pulses in multimode fibers. In optical fibers, the wave packet can propagate as a single stationary pulse when the intermodal dispersion is balanced by the nonlinearity. Intermodal dispersion usually exceeds the intramodal dispersion and, as a result, the generation of incoherent solitons in optical fibers requires unrealistically high pulse energies. The situation with spatial solitons in this respect might be different. Photorefractive materials are probably the most suitable medium for experimental studies, since they generally exhibit very strong nonlinear effects at extremely low optical powers ͓10-12͔.
Spatial incoherent solitons are objects qualitatively different from temporal incoherent solitons. A general description of incoherent spatial beam propagation can be quite complicated ͓13,14͔, and meets with serious mathematical difficulties. Nevertheless, the case of incoherent spatial solitons is a special one. From a conceptual point of view, for spatial solitons, it is the diffraction of the beam components which has to be balanced by the nonlinearity. This basic principle, which is similar to the one for fundamental solitons, is also valid for incoherent solitons. Using this principle allows for great simplifications. In fact, several different approaches have been used for investigating incoherent solitons theoretically. The ''coherent-density approach,'' in which a partially coherent beam is represented as a superposition of mutually incoherent components, was developed by Christodoulides and co-workers ͓1,2͔. For the special case of the logarithmic nonlinearity, symmetric solutions can be written in an analytic form ͓1͔.
The description of optical beams in nonlinear media in terms of a self-induced multimode waveguide has been especially fruitful. This idea has been suggested for higher order solitons in birefringent media ͓15,16͔ and was used recently for incoherent solitons ͓3-6,17͔. In this point of view, stationary soliton propagation is governed by a proper combination of various mutually incoherent linear modes of the self-induced waveguide. On the other hand, this approach has so far provided only symmetric solutions ͓1,2,6,7͔, although asymmetric solitons are likely to exist. For the Kerrlike medium, asymmetric solutions were recently considered in Ref. ͓18͔ . In this special case the problem is integrable, and all solutions including asymmetric ones can be written in analytical form. The analysis of Ref. ͓18͔ showed that PCS's can be considered from two complementary point of views. On the one hand, the PCS is a multimoded self-induced waveguide and, on the other hand, it is a multisoliton complex. This latter point of view is another facet of PCS's which allows one to understand in simple terms such complicated phenomena as collision of PCS's.
One of the remarkable features of integrable systems is that there is no binding energy between the fundamental solitons. In particular, for the system considered in Ref. ͓18͔, there is no binding energy between the fundamental solitons in the multisoliton complex, so that they may be located arbitrarily inside the PCS. The arbitrariness in amplitudes and locations allows the whole PCS to be variable in shape.
On the other hand, it is known that for saturable medium the binding energy between the fundamental solitons is not zero, and the question of the existence of a PCS with a variable shape becomes questionable. The diffractionless rayoptics limit for treating spatially incoherent solitons was proposed in Ref. ͓19͔. This approach is accurate when the size of the PCS is much larger than the optical wavelength. In terms of a multimode waveguide, this limit is valid when the number of modes goes to infinity, so that the soliton becomes completely incoherent. It has been shown, in this limit, that solitons of arbitrary shape may exist for nonlinearities other than Kerr-like. However, the question of the existence of asymmetric solitons in media with saturable nonlinearity when the number of modes is finite is not obvious for the reasons mentioned above. Hence a separate study of this problem is needed.
In this paper, we investigate the properties of partially coherent solitons in a saturable nonlinear optical medium.
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We have found asymmetric solutions for such solitons. We have shown, using numerical simulations, that these solutions propagate several diffraction lengths without changes. The interaction of incoherent and partially coherent solitons is an interesting area of research, and it has only been addressed in recent papers ͓4,5͔. Here we have studied numerically collisions of asymmetric PCS's. It has been shown that propagation of a partially coherent beam in nonlinear media can be represented by a set of equations for the mutually incoherent components constituting the beam ͓2,9͔. For a beam consisting of N such components, the corresponding equations have the following form in case of saturable nonlinearity:
where i denotes the amplitude of the ith component of the beam (iϭ1,2, . . . ), ␣ represents the strength of the nonlinearity, I 0 is the saturation parameter, x and z denote dimensionless transverse and propagation coordinates, respectively, and
is the total intensity created by all incoherent components of the light beam. The specific form (1ϩI/I 0 ) Ϫ1 of the saturation of nonlinearity used in Eq. ͑1͒ holds, for instance, for a homogeneously broadened two-level system and biased photorefractive crystals; other functional forms should also exhibit similar qualitative behaviors. The nonlinear medium is assumed to have a slow response compared with the time scale over which the phases of the individual components change, so that the change of the refractive index is determined by the total intensity given by Eq. ͑2͒. It can be shown that the width of the spatial coherence function depends on the number of components included in the sum appearing in Eq. ͑2͒ ͓7͔. For this reason, we refer to the beam with finite N as ''partially coherent. '' We are interested in PCS solutions of Eq. ͑1͒ when N is finite and a relatively small number. Such solutions correspond to stationary waveguides self-induced by their own modes. However, the self-consistency condition, represented by Eq. ͑2͒, requires these solutions to be multisoliton complexes, which are nonlinear superposition of fundamental solitons propagating in parallel and thus creating the waveguide. This complementary view is important for a physical understanding of the PCS's.
Stationary solutions of Eq. ͑1͒ can be written in the form
with real functions u i (x) and real eigenvalues i . Then the set of equations ͑1͒ reduces to a set of ordinary differential equations of the form
Physically, i is the propagation constant associated with the mode profile u i (x). Equation ͑4͒ can be solved numerically using either a shooting or an iteration technique. In the latter case, we first find the modes of a given ͑zero-order approximation͒ waveguide, vary the amplitudes of different modes to modify the refractive index profile, and then use the self-consistency condition ͑2͒. Repeating these steps results in a convergence to a stationary beam profile. Using this iterative approach, we have found the intensity profiles of several different PCS's and their constituent linear modes. In our simulations, the propagation distance z is normalized to the diffraction length, and we choose ␣ϭ2 and I 0 ϭ2 in Eq. ͑1͒. An example of a PCS is shown in Fig. 1 , together with the spatial profiles of the four modes associated with the self-induced waveguide. Notice that the modes are also asymmetric since an asymmetric PCS induces index changes that are themselves asymmetric.
In turns out that, in most cases, the numerical procedure converges to a symmetric solution, similar to those presented in previous works ͓3,6͔. However, some specific initial conditions with a refined iterative procedure result in asymmetric solutions such as the one displayed in Fig. 1 . We should note that asymmetric solutions are generic and appear on the same basis as symmetric ones. They also appear in other nonlinear optical problems ͓20͔. Their emergence is not completely surprising, since a symmetric nonlinear equation can have asymmetric solutions.
Note, however, that in the case of a single nonlinear Schrödinger equation ͑NLS͒ with constant coefficients, stationary asymmetric solutions do not exist. The one-soliton (Nϭ1) solution is symmetric, and all higher-order solitons are nonstationary solutions of the NLS. In fact, it appears that only a coupled set of NLS's admit stationary asymmetric solutions.
There is a deep physical reason why the symmetric solutions appear naturally. In contrast to Kerr-like media, there is a binding energy between the soliton components in saturable media. This binding energy results in an attractive force which tries to keep different components together and makes the whole soliton symmetric. This is exactly what happened in numerical simulations of Refs. ͓3,6͔. Nevertheless, the asymmetric solutions do exist and we have found them here. Extensive numerical simulations indicate that asymmetric solutions are multiparameter families rather than isolated solutions. First, the mode amplitudes are variable parameters. Changing them, we were able to change the shape of the soliton continuously. Second, there must be parameters which control the asymmetry of the soliton. In the integrable case ͑a slow Kerr-like medium ͓18͔͒, the total number of parameters which control the shape is 2NϪ1, where N is the number of the modes. We can assume that PCS's in saturable media have the same property. On this basis, N propagation constants are arbitrary, and NϪ1 relative parameters of asymmetry between the modes adds up to the total 2NϪ1 parameters of the solution.
At this stage of investigation, we have found several examples of asymmetric solutions, and checked that they are relatively stable solutions of Eq. ͑1͒ in the sense that they do not change their shape for several diffraction lengths during propagation inside the nonlinear media. However, the shape of the PCS changes appreciably after collisions. Moreover, the optical beam may split into several parts on collision. Two examples of collisions are shown in Figs. 2 and 3. The angle of propagation is achieved using a Galilean transformation ͓21͔ with the ''velocity'' vϭtan , where is the angle of propagation in the x-z plane. As the intensity of the solitons is quite high, both cases correspond to relatively strong saturation regime (I/I 0 Ϸ8). These figures show clearly that the initial soliton profiles are indeed stationary, but those which appear after collisions are not. They may oscillate and emit other solitons which propagate away from the main beam. Radiation waves also appear as a result of the collision. The nonlinearity model of the saturable medium considered in this paper is nonintegrable. Hence the soliton resulting after the collision does not have to correspond to a stationary solution ͓21͔. The output beam generally changes on propagation ͑oscillates͒, and detailed evolution depends on the specific choice of the angle of collision and other parameters that determine the initial conditions. The oscillating beam can be considered a perturbed PCS.
In conclusion, we have shown that nonlinear optical media with slow saturable nonlinearity admit propagation of partially coherent solitons with an asymmetric intensity profile. Although such asymmetric solitons maintain their shape for several diffraction lengths if propagated in isolation, their mutual collisions generate radiation ͑diffractive waves͒, and result in a beam profile that is no longer stationary. Natalia M. Litchinitser thanks the Aileen S. Andrew Foundation for financial support.
